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Abstract 

We propose in this article that if the chemical potential exceeds a critical 
value in dense hadronic medium, a first-order phase transition to a new state 
of matter with Lorentz symmetry spontaneously broken (in addition to the 
explicit breaking) takes place. As a consequence, light vector mesons get ex- 
cited as "almost" Goldstone bosons. Since the light vector mesons dominantly 
couple to photons, the presence of these new vector mesons could lead to an 
enhancement in the dilepton production from dense medium at an invariant 
mass lower than the free-space vector- meson mass. We provide a low-energy 
quark model which demonstrates that the above scenario is a generic case for 
quark theories with a strong interaction in the vector channel. We discuss 
possible relevance of this phase to the phenomenon of the enhanced dilepton 
production at low invariant masses in relativistic heavy-ion collisions. 
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1 Introduction 



Recently, the CERES and HELIOS collaborations reported the exciting observa- 
tion [|I], 1^ that the lepton pair production is enhanced in S-Au collisions in the 
invariant mass range of 300 . . . 600 MeV compared with the collisions p-Be and p- 
Au. This observation provides an important clue as to what happens to hadronic 
matter when it is compressed to a high density. Unlike the case of temperature, 
lattice calculations are not yet in a position to provide information on the effect of 
density on QCD vacuum and hence practically nothing is understood of density- 
driven QCD phase transitions. Random matrix studies show indeed that the effect 
of a chemical potential can be exceedingly subtle from the point of view of QCD 0. 
In the paucity of any first-principle guidance, there is a wide range of theoretical 
ideas to explore. It will ultimately be up to experiments to weed out wrong ideas 
and to guide us towards a viable scenario. 

From a detailed study of the collisions with the help of covariant transport equa- 
tions, it became clear that the dilepton yield of the collisions p-A in the above 
mass range can be well understood by resorting only to the decays of the rj, p, uj 
and 0- mesons |Q. The fact that a large pion density is produced by the collision 
and the experimental observation that the dilepton enhancement sets in at roughly 
twice the pion mass have led to the conjecture that the enhancement is due to 
7r+7r~-annihilation processes The quantitative analysis, however, showed that 
the experimental data cannot be explained using "free" meson masses and form 
factors 0, 1^. A change of the state of matter or at least a change of the meson 
properties in medium seem to be required. Several proposals p, ||, |^, ||, |^, |T^ have 
been made, most of which focusing on the role of the p vector meson. This meson 
is of particular importance for the dilepton enhancement effect, since the p-meson 
directly couples to the photons. The coupling of the p-meson to two pion states 
and the change of the pion propagation in medium generically results in a broad- 
ening of the p-meson peak |^. The observed increase in the dilepton production 
rate is compatible within the error bars of the present data. On the other hand, 
QCD sum rules predict a decreasing p-meson mass for increasing matter density. 
Whereas the sum rule approach is restricted to small densities, a decrease of the 
p-mass as function of the matter density should hold due to the onset of the chiral 
phase transition 0. These considerations supplemented with further support from 
the results from the Skyrme model can be summarized in the scaling in medium of 



the hadron "quasi-particle" masses known as BR-scaling Including a p-meson 
mass shift to smaller values in the calculation of the relativistic transport theory, a 
good agreement of the theoretical predictions with the observed dilepton spectra in 
the S-Au collision is achieved []TT|. The two approaches, one based on many-body 
correlations starting from strongly coupled hadrons whose properties are defined 
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in matter-free space p, ^] (with broadening widths) and the other based on the 
notion of both bosonic and fermionic quasi-particles with parameters defined in a 
medium background field [0, somewhat contradictory to each other though they 
may appear to be, are probably related to each other when applied to the dilepton 
phenomena in question. Whether or not the two ways of looking at dense matter 
can be mapped to each other for other physical observables is not clear. 

In this paper, based on a rather generic argument, we propose a novel state of 
hadronic matter which is unstable in the (zero-density) vacuum, but which forms 
the state with the lowest energy density, if matter is present. In addition to the 
explicit breaking of Lorentz invariance due to a finite baryonic density, Lorentz 
symmetry is also spontaneously broken in this new matter state. This provides a 
mechanism for exciting low-mass vector mesons as "almost" Goldstone bosons. We 
will discuss the properties of such vector mesons in some detail. Our considerations 
are based solely on the realization of symmetries. This model-independent argument 
will be given a support by an effective low-energy quark model which will illustrate 
that the new matter state is generically present in theories with vector-type quark 
interactions as it is the case for QCD. 



2 Induced Spontaneous Symmetry Breaking 

In matter- free space, the QCD vacuum is characterized by a non- vanishing value of 
the quark condensate and zero baryonic density, i.e. 

{qq) 7^ 0, 3pB = {qi^q) = State (V). (1) 

The non-zero condensate implies that chiral symmetry of QCD is spontaneously bro- 
ken (apart from a small explicit breaking through current quark masses). This par- 
ticular realization of chiral symmetry allows the interpretation of the light pseudo- 
scalar mesons as Goldstone bosons and provides a model-independent explana- 
tion of the particular role of the pion in the meson mass spectrum. 

The key observation in this paper is that there is a second state which is not realized 
in the vacuum but appears as a meta-stable state having a higher energy density 
than the vacuum. This additional state is characterized by a vanishing (scalar) 
quark condensate, and a vanishing baryon density (represented in terms of quark 
fields) (g7og), i.e. 

pb, m = 0, C' := {qi^q qi^q) ^ o state (ii) , (2) 



and the symmetry is in a Kosterlitz-Thouless type of realization [15 
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Our crucial point is that when a small explicit breaking of Lorentz symmetry is 
introduced via the chemical potential, two important things happen. First, at cer- 
tain chemical potential /Xc, the state (II) becomes energetically favored and a phase 
transition takes place from the state (V) to the state (II). Second, the presence of 
matter selects a particular Lorentz frame, since it favors the zero component of the 
vector current. The matter state with the lowest energy density is then described 
by 

{qq) = 0, 3pB = (g7og) ^ State (M) . (3) 

In addition to the contribution due to the chemical potential, the baryonic density 
acquires a large contribution from the dynamics of the theory. Since the chemical 
potential n must exceed a critical value Hc to generate this dynamical contribution, 
we shall refer to this scenario as induced spontaneous symmetry breaking (ISSB). 

One might object at this point that the ISSB scenario is in contradiction to the 
Vafa-Witten theorem |jl6|, which states that vector symmetries cannot be sponta- 



neously broken in QCD. In fact, what the theorem is telling us is that the correlation 
function in the vector channel has, for a given gluon configuration, an upper bound 
provided by an exponentially decreasing function of distance. Since the QCD weight 
as employed by averaging over all gluon configurations is positive, the full correlation 
function has the same upper bound. This would rule out a massless vector state. In 
our case, the state (M) becomes the ground state for ji > /Xc, with the vector particle 
becoming light, but not massless due to the additional explicit breaking of Lorentz 
symmetry. Therefore the correlation function will be decreasing with an exponential 
slope. Thus the ISSB scenario does not contradict the Vafa-Witten theorem^. 

Let us discuss the consequences of the ISSB scenario. Assume that the matter phase 
is realized in the state (M) and that the small explicit breaking via the chemical 
potential > /ic can be taken into account perturbatively. Due to the presence of 
the condensate {q'JoQ), the symmetry with respect to Lorentz boost transformation, 

q^^) ^ q'^^') = S{A)q{x) , S{A) = exp{-^.;^,a'^^} , (4) 

is spontaneously broken (in addition to the small explicit breaking induced by fi). 
What is the corresponding Goldstone boson? In order to answer this question, we 
resort to standard techniques which were developed in the context of the spontaneous 



breakdown of chiral symmetry |T^. For this purpose, first note that the quark 



^Furthermore, the Vafa-Witten theorem is proven in Euchdean space. In the presence of a 
chemical potential (and a gluonic background field), the determinant develops a phase, upsetting 
the positivity of the measure required for the proof. We would like to thank Maciek Nowak for 
reminding us of this caveat. 
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propagator of the state (M) satisfying the Dyson-Schwinger equation possesses the 
general structure 

sik) = ^ . (5) 

^ - Vo{ko, A;)7o - S(A;o, k) 

In the low-energy regime (where the momentum transfer k is much smaller than the 
typical gluonic energy scale), one expects that the quark theory can be approximated 
by a Nambu-Jona-Lasinio type effective model in which case the momentum and 



energy dependence of the functions Z, Vq and E in (|]) can be neglected |T8[. For 
simplicity, we will make this assumption in the following. Furthermore note that 
the transformed propagator, i.e. 

SiA)sik')S-\A) , (6) 

also satisfies the Dyson-Schwinger equation, since the latter equation is manifestly 
Lorentz covariant for /i = 0. Considering infinitesimal Lorentz boost transformations 
induced by uoi, one concludes that the vertex function 

oc Vo['jo,aoi] oc 1^0 7^ (7) 

satisfies a Bethe-Salpeter equation with zero mass. The important finding is that, 
at least at sufficiently small energies, the corresponding particle is of pure vector 
type. The emergence of the light vector particle is a consequence of the spontaneous 
breaking of the Lorentz group down to the non-relativistic rotational group SO (3) 
and is analogous to the emergence of scalar Goldstone bosons for a spontaneously 
broken internal symmetry group. Since in the present case the broken symmetry is 
a space-time symmetry, the corresponding massless particles are (non-relativistic) 
spin one excitations (for more details see section 3). 

If one wants to relax the restriction to the low-energy regime, one might resort to 
the full vertex function, which is provided by the Noether charge density generated 
by the Lorentz boost (H), i.e. 

QP(a;) = (x°T°^(x)-a;^T°°(x)) + qix^qix) , (8) 

where T'^'^ is the energy-momentum tensor written in terms of quark fields. Here, 
the first term represents the "orbital" part while the second term gives rise to the 
"spin" part of the vertex function. 

The state (M) in (^) exists only for finite values of the chemical potential fi, which 
explicitly breaks Lorentz invariance. This explicit breaking has the consequences 
that the vertex function in (|^) acquires additional parts and that the Goldstone 
vector particle gets a small mass. To demonstrate this, we use the variational 
approach of [l^, which is a kind of relativistic RPA approach - and a convenient 
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one if the light mesons are treated as Goldstone bosons. As a trial state for the 
variational approach, we allow the vertex function to gain additional vector 
parts at finite values of /x . The vector field operator is chosen in terms of the quark 
operators as 

Vi(t) = J d^xQf\x) + f^v J d^x q{x)-iiq{x) , (9) 

where kl/v are variational constants. Using the techniques of [|I^, it is straightfor- 
ward to relate the mass of the vector Goldstone boson mv to the explicit breaking 
via the chemical potential /x. We find 

mlfl = 2/i(g7og) , (10) 

where fv is a decay constant defined by 

Vfc(mv/,p = 0)) = ifvmvSik. (11) 

Here \V{p)) denotes the state of the Goldstone vector with four momentum p, and 
is the matter ground state. Equation (^) is nothing but the analog of the Gell- 
Mann-Oakes-Renner relation ||20|. The decay constant fy describes the decay of 
the Goldstone vector into photons. A calculation of this quantity in a simple model 
will be presented later. Since the electro-magnetic U(l) gauge invariance is broken 
by the presence of matter, the coupling of quarks and photons is non-minimal, but 
acquires additional pieces proportional to the "angular momentum" density (the 
first term in eq. (|D). 

The local minimum of the effective potential at (qq) = and (qjoq) (i.e. the 
state (M)) becomes the global minimum, i.e. the ground state, when fi exceeds a 
critical value. In this new state, the condensate (q'joQ) does not scale with /i any- 
more, but acquires a strong contribution from the interaction. As shown above, this 
mechanism results in a light iso-scalar vector meson. The occurrence of the light 
vector meson is obviously accompanied by the spontaneous generation of baryon 
density (q'joq)- On the other hand, the U{l)v vector symmetry is conserved in our 
approach implying that baryon number is conserved. Both statements above do not 
contradict each other, since we have assumed an infinite system at finite baryon 
density. In practical applications a finite baryon number localized in space is the 
interesting case. In this case, we cannot assume a homogeneous phase. Rather 
we expect that the gradients discarded in the above description will lead to a do- 
main structure, where each domain is characterized by a different value of the order 
parameter {q^yoq). 

In order to roughly estimate the order of magnitude of the parameters involved, we 
assume that the phase transition of the vacuum (H) to the state (M) (D occurs at 



Q 



0) 



6 



a Fermi momentum kf ^ M^, where ^ 300 MeV is the constituent quark mass. 
This is the standard value for kf, where one expects the chiral phase transition to 
occur. The estimate (based on a constituent quark model) of the corresponding 
chemical potential is therefore /i ~ + kj ~ y/2Mc. Note that this value for 

/i is of the same order of the magnitude as the generic energy scale of the phase 
transition implying that corrections to ([l0| ) might become important. 
For a first guess, we further use the relation ps ~ 2/cj/37r^ of the constituent quark 
model. Combining these rough estimates, we find myfy ~ (260 Me V)^ from (|10D . 
If the mass of the "almost" Goldstone vector bosons is small, the resonance will be 
broad, since the coupling to the photons fy becomes large. 



Model Calculation 



The results of the previous section are model- independent, relying solely on a specific 
phase structure of the field theory. In this section, we illustrate with the help of 
a simple model that the particular phase structure required by the ISSB scenario 
is actually a generic case for effective quark models with a strong vector-current 
interaction. 



For this purpose, we study an effective low energy quark model |T3| defined at finite 
chemical potential /i, by the generating functional for Euclidean Green's functions 
(see e.g. Q) 



JvqVqVaV-K VV^ e/'^"'^ [L+s{x)a(x)+j^(x)v^{x)\ 
q{x)(ip- a{x) +i^5TT{x) + iVfj,{x)^^^ q{x) 



(12) 
(13) 



N 



(cr(x) — m)^ + 7r^(x) 



- Y {V,i^) {-d'5,u + d,d,) K(x) + ml [{Vo{x) - pf + V^{x)] } , 

where is the number of colors (the color index of the quark fields is not shown) and 
m is the current quark mass. Our definitions of the Euclidean space can be found 
in appendix A. In particular, we have defined the square of an Euclidean vector by 



d^d^ = —d^d^. For simplicity we consider the case of one light-quark flavor. 



Generalizations to the iso-spin J = 1/2 will be discussed in the next section. 

Let us look at the model (|1^ in Minkowski space. For this purpose, we integrate out 
the meson fields a, ir and and perform the analytic continuation of the Euclidean 
quark theory to Minkowski space. Our conventions can be found in appendix A. 
Integrating out the vector fields yields a non-local current-current interaction. If 
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we neglect the momentum transfer in this interaction, the low energy quark theory 
is of NJL-type, i.e. 

Qm {x) {ip-m- /i7(V) ) qm (x) ( 14) 

\{qM{x)qM{x)f - {qM{x)'l^qM{x)f'^ 



+ 



+ qM{xW^'\M{x) qM{x)-f^^'^ ''qMix) . 

Note that the vector current interaction contributes with a plus sign to the La- 
grangian Lm- We call this an attractive interaction in the vector channel. It will 
turn out that this sign is crucial for the ISSB scenario. We should stress that there is 
nothing to indicate that such an interaction is incompatible with light-quark hadron 
phenomenology. Now if we compare (|1^ with (|1^), we find that the parameter /z in 
(0) can be interpreted as the chemical potential. Any non-vanishing expectation 
value of Vo obviously acts chemical potential. 

Despite the kinetic term of the vector field (we will discuss its role below), the model 
(0) is designed as a low-energy effective quark theory, with the quark loop momenta 
cut off at an energy scale A |TB[. We stress that the regularization procedure must 
not spoil the Euclidean 0(4) invariance, that is, the Lorentz symmetry in Minkowski 
space. The magnitude of the cut-off A is of the order of the gluonic energy scale. 



In the chiral limit m — 0, the Lagrangian L, ([13|), is invariant under chiral trans- 
formations. If the scalar field acquires a non-vanishing vacuum expectation, i.e. 
(a) 7^ 0, the chiral symmetry is spontaneously broken (SSB). The beautiful con- 
cept of the spontaneous breakdown of chiral symmetry allows to interpret the light 
pseudo-scalar mesons as Goldstone bosons, and hence provides a natural and model- 
independent explanation of the particular role of the pions in the meson mass spec- 
trum. 



3.1 Ground state properties 

We will now show that the simple model ([T2|) exhibits a vacuum phase [fi = 0) 
where chiral symmetry is spontaneously broken (SSB) and a /x-induced transition to 
a phase where the (scalar) quark condensate vanishes and a spontaneous breakdown 
of Lorentz symmetry occurs (ISSB) on top of the explicit breaking. The convenient 
quantity by means of which this mechanism can be illustrated is the effective po- 
tential as function of the scalar and vector fields, i.e. U{a, V^). The effective action 
r is defined by a Legendre transform of the generating functional In Z[s,jfj] with 
respect to the external sources s{x) and j^{x), respectively, i.e. 

r{a,V,) = -In Z[s,j,]+ J d^x [s{x)a{x) + f{x)V,{x)] , (15) 
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|x=0 )x=0.2 




0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 



Figure 1: Lines of constant effective potential U in the plane of a and = V^V^ for 
/i = (left picture) and in the plane of a and Vq for fi = 0.2av (right picture), av- 
is the vacuum expectation value of a. The numbers provide the effective potential 
U in units of \Uv\, where Uy is the vacuum value of the potential U. {V) and 
(M) indicate the position of the vacuum state and of the ground state in matter, 
respectively. 



6 \nZ[s,j^] 



6 In Z[s,jf,] 



(16) 



To leading order in the large expansion, it is sufficient to evaluate the functional 



integral (|1^) in a mean-field (stationary phase) approximation, since fiuctuations 
around the mean-fields are suppressed by a factor A straightforward calcula- 

tion yields 



-— Tr \n{ip - a{x) + i7r(a;)75 + i^^'V^^x)} 



:i7) 



+ 



d^x 



(cr - mf + tt" 



+ \[v,{x)(~dH,, + d,d,)v,{x) + ml[{v,-^Jif + vi]}^ + o(l) 

where the trace extends over Lorentz indices as well as over the Euclidean space- 
time. Note that a regularization which preserves the 0(4) invariance is understood 
in (^) in order to define the trace term. We then obtain the potential U (a, V^) from 
the effective action by confining ourselves to constant classical fields. Assuming a 
vanishing mean field for the pionic field 7r(x), we find for a sharp momentum cutoff 
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(for details see appendix B) 

1 1 r+l /-A^ 



U{a,V.) = -f dxVT^ f duu \n\{u-C^ + a^f + ACx^u 

N Stt'^ j-1 jo ^ 



+ jW-m] + - 



2 



ivo-f^r+v^] + o(i 



where := V^V^. Due to 0(4)-invariance, the effective potential U depends only 
on the 0(4)-invariant field combination ("^ in the case /x = 0. Minima of the effective 
potential serve as possible candidates for the ground state. The global minimum, 
i.e. the state with the lowest vacuum energy density, represents the vacuum. The 
left-hand picture of Figure |l] shows the effective potential U for g, = ml = AV8 
At zero chemical potential, the global minimum of U is located at {V) in Figure 
|1|. The corresponding vacuum properties are precisely characterized by (|1|). Chiral 
symmetry is spontaneously broken. In addition, the effective potential possesses a 
local minimum (as indicated by (//) in Figure 0). This minimum corresponds to a 
meta-stable state with the properties (Q). 

The picture changes drastically, if the chemical potential is increased. If the chemical 
potential exceeds a critical strength fi^, the global minimum flips from the state (V) 
to the state (II) (see right hand side of figure 1). Since the chemical potential 
selects the zeroth component of the 0(4)-invariant combination V^V^, the ground 
state in matter will be characterized by (0). This means that in addition to a small 
explicit breaking, the 0(4) (Lorentz) symmetry is spontaneously broken. Thus the 
model (JL^ exhibits the ISSB-mechanism discussed above. Finally, let us mention 
that a phase structure similar to the one of our toy model has been also found in 
phenomenologically successful effective nucleon- meson theories An analogous 



phenomenon occurs in the random-matrix study of the QCD phase transition in the 
presence of chemical potential [B[. 



3.2 The "almost" Goldstone vector boson 

In this subsection, we study small fluctuations f^(x) of the vector field Vfj_{x) around 
its mean-field value , i.e. V^{x) = + v^{x). We assume that a small chemical 
potential is sufficient to induce the transition from the state V to the state M 
and treat the influence of the small explicit breaking of the 0(4) symmetry by the 
chemical potential perturbation. We will find that in this case the vector 

fields Vk=i...3{x) emerge as massless excitations from the Bethe-Salpeter equation, if 
goes to zero. For this purpose, we expand the effective action ([T7|) up to second 
order in the fields f^, i.e. 

lr(2) = — Tr|- ^- A (19) 
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+ n (P) Vk{p) (p'^hi -PkPi) + nil vi{-p) 



where (p) is the shorthand for d^p/{27T)'^. The exphcit calculation of the trace term 
in (|T^) is left to appendix C. The final result can be written as 

^ r^') = iJip) v,{p) liM vi{-p) . (20) 

Mass eigenstates appear as solutions of the Bethe-Salpeter equation 

Uki{pl = -ml.,p = 0)vi{-p) = 0, (21) 

where my is the mass of the excitation. For simplicity, we here consider the Bethe- 
Salpeter equation for vanishing spatial momentum. It is also sufficient for our pur- 
poses to study this equation in a derivative expansion with respect to the meson 
momentum jJ^. Exploiting the gap equation for the mean field = (Vq, 0,0,0), 
one finds (see appendix C) 

2 

ll,i{pl,p = 0) = [l-fia,V,'')]p'6M + -Tffi6,k. (22) 

The main observation is that for fi = and Vq ^ the mass term drops out and 
that a massless excitation (p^ = 0) with the quantum numbers of a (non-relativistic) 
vector field occurs. For a small explicit breaking fi of the Lorentz symmetry, one 
can cast the Bethe-Salpeter equation ( pT]) into (p^ = —m 



''V) 



[l-f{a,V,^)]m'y = ^/x. (23) 

Using the gap equation (^) (in appendix C), we find 

mlVo = (qioq) + 0{fi) . (24) 
With this result, eq.(p3D can be cast into the form of eq.(|TO|), i.e. 



2 



f^m'y = 2/i(g7og) + 0(/i') , fv = ^1 - /(a, K,'') • (25) 

If the first-order phase transition from the vacuum state (V) to the matter state 
(M) takes place, the constituent quark mass a drops to the value of the current 
mass. Therefore, we expect a -C Vq. Let us study the function /(a, V^) for the case 
(7 = 0. The explicit calculation of this function is left to appendix C. The function / 
is shown in Figure 2. It diverges logarithmically at the origin and decreases rapidly 
for large values of Vq. 

^Notc that the derivative expansion becomes exact for (massless) Goldstone bosons. 
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0.0 0.2 0.4 0.6 0.8 1.0 

V„/A 



Figure 2: The function /(O, V^) 
as function of Vq in units of the 
cutoff A. 



It turns out that the function f{a, Vq^) in is always positive. The "1" in the 
square bracket stems from the bare kinetic term of the vector fields in (|13D, whereas 
/ is the contribution of the quark loop to the vector kinetic term. One observes that 
the quark- loop-induced kinetic term favors gradients in the vector field Vk{x). If the 
parameter set is chosen such that f{a, Vq^) < 1, we can interpret the small amplitude 
fluctuations ffe(x) as particle excitations in the usual way. In the case f{a, Vff) > 1, 
the small amplitude fluctuations exponentially grow, and the matter state would 
favor large gradients. This would probably lead to the formation of domain walls. 
In the present model, / is always much less than 1 in the parameter range of interest. 
We believe that / > is a generic feature, implying that quark loop contributions 
support instabilities. In contrast, we expect that the parameters (a, Vq) that would 
produce instability (i.e., leading to / = 1) are highly model-dependent. 



4 The Particle Spectrum of the ISSB Scenario 



The toy model considered above with one flavor of quarks gives "almost" Goldstone 
vectors of the u meson quantum number. To be realistic, we need at least two 
light flavors. Let us consider this case. For vanishing current mass and chemical 
potential, the quark sector exhibits chiral symmetry, i.e. 

SUv{2) X SUa{2) , (26) 

and Lorentz invariance. In particular, the SUa{2) transformations relate scalar 
particles with pseudo-scalar particles, and transform vector current into axial-vector 
currents. The vacuum state is characterized by a spontaneous breakdown of the axial 
part of (PSI). According to Goldstone's theorem, each generator of the spontaneously 



broken symmetry gives rise to a massless particle. In the case of QCD, the iso-triplet 
pions can be identified with the Goldstone bosons. However, the iso-triplet pions are 



12 



not massless, but possess a mass which is small compared with the hadronic energy 
scale, since the chiral symmetry is also explicitly broken by small current masses. 



In the case of the ISSB scenario, the light particle content of the spectrum changes 
drastically. The crucial fact is the occurrence of the condensate (that is, in 
Minkowski space) 

{qiolq), (27) 

where the unit operator in (^) indicates that the condensate is iso-scalar. Lorentz 
symmetry is spontaneously broken over and above the explicit breaking via the 
chemical potential. On the other hand, the quark condensate {qq) is proportional 
to the current quark mass and vanishes in the chiral limit. Since the condensate 
(^) is invariant under a chiral rotation of the quark fields, chiral symmetry is not 
spontaneously broken and the mass of the pions is not necessarily small. 

The quantum numbers of the Goldstone vector bosons can be most easily seen by 
going to Euclidean space where the Lorentz group becomes the SO (4) group, which 
is equivalent to SU(2) xSU(2). Expanding the anti-symmetric matrices cu^jy of the 
Euclidean (Lorentz) transformation (0) in terms of the 't Hooft symbols p2| 77^^,, 
f/^^, which form a complete basis of self-dual and anti-self-dual matrices, 

= Okv'. + hnl , (28) 
the generators of Euclidean (Lorentz) transformations can be written as 

5(A) = exp [-Z (^fcS^ + , (29) 

where 

= , Si = \fil^a^^ . (30) 



In the direct product representation of the 7- matrices [^, one finds [0] 

S^/L = PrIl X cT^ , Pril = ^(1 ± 75) . (31) 

The matrices Pr/l are the right and left handed projectors and are the familiar 
Pauli spin matrices. With (0) the Euclidean (Lorentz) transformation (|29D has 
precisely the form of a chiral transformation with the iso-spin (or in general flavor) 
matrices replaced by the spin matrices. Defining ^f>,^ = \{Q^^Q^^^ eq. (|29|) becomes 



'VIA — 2^ 

S(A) = exp \-iB\ (1 X a^) - 2^^(75 x a'^)] . (32) 

This representation of the Euclidean (Lorentz) group corresponds to the coset de- 
composition 

S\Jl{2) X S\Jk{^) = SUv{2) X [SUl{2) x SUr{2)/ SUv{2)\ . (33) 
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It is the coset symmetry SUl{2) x SUr{2) j SUv{'2,) which is spontaneously broken 
in the state (M) (^. Using the analogy between the Lorentz transformations 
and a chiral transformation, it becomes clear that in the same way as the Goldstone 
bosons of spontaneous broken chiral symmetry carry iso-spin, the massless particles 
of spontaneously broken Lorentz symmetry carry spin and are hence vector particles. 
They are given by the spatial components of iso-scalar vectors Ui := 1 q. 

The iso-triplet p-mesons with a reduced mass in matter play a central role for the 
explanation of the dilepton enhancement in the CERES and HELIOS experiments 
in the approach of [|lT|. It is therefore interesting to look at the properties of 



the p-mesons in the ISSB scenario. First note that in the vacuum the cu-meson 
is somewhat heavier than the p-meson and that the overlap of the p-meson and 



a;- meson wave-functions is non-zero I^Sj. At some large density, a light meson with 
the quantum numbers of the cu-meson appears as an "almost" Goldstone boson. As 
density decreases from the critical density as the system expands, it can happen 
that the levels cross with the uj and p becoming degenerate at the crossing point. 
In this case, the pcj-mixing will become 50% independently of the strength of the 
overlap matrix elements. 



5 Discussions and Conclusions 

We have shown that a meta-stable state with the properties (|^) exists at vanishing 
chemical potential, if the effective low-energy quark interaction in the time compo- 
nent of the vector channel is attractive and strong enough. Using a simple effective 
quark model, we argued that this situation is generic for a wide range of param- 
eter choices. We have suggested that the presence of this meta-stable state has 
important consequences at finite baryon density. If the chemical potential exceeds 
a critical value, a first-order phase transition from the vacuum phase to the former 
meta-stable state can take place. The scalar quark condensate vanishes and chiral 
symmetry is restored. In this phase, pions are no longer Goldstone bosons. In this 
new state of matter (state (M)), Lorentz symmetry is spontaneously broken (over 
and above the explicit breaking via the chemical potential), and light iso-scalar vec- 
tor particles are excited. The light iso-scalar vector particles will dominantly couple 
to photons. 

If the density is further increased until it becomes large compared with the funda- 
mental gluonic energy scale, one expects that the interaction between the quarks 
becomes weak due to asymptotic freedom. In this case, the iso-scalar condensate 
(g 7o 1 g ) loses the strong contribution from the interaction and will scale propor- 
tional to the chemical potential. This implies that the Goldstone mechanism no 
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1^=0 




|Xc<^<A 


— 3»- 


1^ > A 



SSB ISSB deconfinement 

i t i 

light 7t light \5 quarks, 

TT^I^V photons gluons 



Figure 3: The light particle con- 
tent at several values of the chem- 
ical potential. A here is the fun- 
damental energy scale of QCD. 



longer applies and that the iso-scalar vector mesons become heavy again before 
they dissolve in q-q pairs at very high density, where one expects a phase transition 
to the quark gluon plasma. The content of light particles of hadronic matter for 
several values of the density is illustrated in Figure 3. 

What are possible implications of the new state of matter at medium densities in 
heavy-ion collisions? Since the phase transition from the vacuum state to the new 
matter state is first order, the matter state (M) will appear in bubbles in the standard 
matter phase where the mesons experience a small change of the vacuum properties. 
The experimental observation could be a superposition of the results of the standard 
"hadronic cocktail" and of the ISSB scenario. The quantitative outcome will depend 
on how much of the bubbles are nucleated. It is obvious that the contribution of the 
new matter state to the observables will be more pronounced in Pb-Au than in p-Au 
collisions. It would be interesting to see whether this scenario has any role in the 
dilepton enhancement actually observed in the CERES and HELIOS experiments. 
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A Notation and conventions 

The metric tensor in Minkowski space is 

= diag(l, -1,-1,-1). (34) 
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We define Euclidean tensors T(^e) from tlie tensors in Minkowski space Ti^m) by 



wliere r and s are tlie numbers of zeros within {fii . . . fi^} and {ui . . . Un}, respec- 
tively. In particular, we have for the Euclidean time and the Euclidean metric 

^Ie) = ix^M)^ 9(E) = diag(-l,-l,-l,-l) . (36) 



Covariant and contra- variant vectors in Euclidean space differ by an overall sign. For 
a consistent treatment of the symmetries, one is forced to consider the matrices 
as vectors. Therefore, one is naturally led to anti-hermitian Euclidean matrices via 

7(£) = ^7(M) , liE) = 7(M) • (37) 

In particular, one finds 

(75,))^ = -7fe, {75,),7(%} = 2g^^^^ = -25,.. (38) 

The so-called Wick rotation is performed by considering the Euclidean tensors ( |5BD 
as real fields. 

In addition, we define the square of an Euclidean vector field, e.g. V^, by 

V := V^V, = -V,V^ . (39) 

This implies that V"^ is always a positive quantity (after the wick rotation to Eu- 
clidean space). 

The Euclidean action 5'^; is defined from the action Sm in Minkowski space by 

exp{iS'Af} = exp{S'£;} . (40) 

Using (p5D, it is obvious that the Euclidean Lagrangian is obtained from the 
Lagrangian Lm in Minkowski space by replacing the fields in Minkowski space by 
Euclidean fields, i.e. Le = L^. 

Let the tensor A'^. denote a Lorentz transformation in Minkowski space, i.e. 

A^,A^^^"^ = g^^ . (41) 

Using the definition (0), one easily verifies that ^^e)v ^'^^ elements of an 0(4) 
group, i.e. A^-)A(£;) = 1, which is the counterpart of the Lorentz group in Euclidean 
space. 
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In order to define the Euchdean quark fields, we exploit the spinor transformation 
of the Euclidean quark field 

Q{e){xe) ^ q[E)ix'E) = S{A^E))q{E)ixE) , xe^x'e = Axe, (42) 
S{\e))i'^e)S\\e)) = (A^i))%(i.), (43) 

where the matrices 

S(A(^)) = exp{-^^,.af^^)} (44) 
are unitary. It is obvious that one must interpret 

kE) = qU) (45) 

in order to ensure that e.g. the quantity <i{E)l'(^E)'i{E) transform as an Euclidean 
vector. We suppress the index E throughout the paper and mark tensors with an 
index M, if they are Minkowskian. 



B The gap equation 



Let us calculate the trace term in the effective potential (|17D for constant entries 
and for 7r(x) = 0. For this purpose, we write the trace as a sum over all eigenvalues 
A of the Euclidean Dirac operator. For constant fields a and V^, it is convenient to 
calculate the eigenvalues in momentum space. For a fixed momentum, one finds 



a + zl^^7^) ^ = X{k) ij. 



(46) 



A direct calculation yields 



A±(A;) = -a ±t^{k + tV)^ , (47) 
where each eigenvalue is 2A^-fold degenerated. The trace term is therefore given by 



-2V 



A:<A 



(fc) In {X+{k)X_{k)) 



2V / (k) In + {k + iVf 



k<A 



(4^ 



where V is the Euclidean space-time volume, and A is the sharp 0(4) invariant 
cutoff, {k) is the shorthand for d^k/{27i)^. The integrand in ( ^8]) is complex. We 
will, however, see that the imaginary part drops out, if we perform the integration 
over the momentum. For this purpose, we write (^8]) as 



V / (k) In a^ + {k + iVf 



k<A 



V 



(g) In + {q - iVf 
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-V 



fc<A 



(k) In {e + a' - Vy + A{k-V) 



where we have performed a change of integration variables q 
obtain 



-k. We finally 



47r2 



sin^ a 



vr 



dk k In 



cr 



APV^ cos^ a 



(49) 



This expression directly enters the effective potential U{a, V^) in (|T8|) . Note that for 
> 0"^ the integrand in (|49| ) becomes singular. It is, however, easy to show that 
this singularity is integrable and that no imaginary part is present. The singularity 
occurs for k"^ = V"^ ~ cr^ in the angle integral. Using the principal- value prescription, 
this integral yields 



r+l 

2 lim / dx Vl — log 



X 



-TT In 2 + 



(50) 




An extremum of the effective potential occurs, if the (constant) vector fields satisfy 
the gap equation 

+ ml{V^-fx5^o) = 0. (51) 

Let us study the case without an explicit breaking of the 0(4) symmetry, i.e. /i = 0. 
Since we use an 0(4)-invariant regularization of the space-time trace in (0), the 
measure of the momentum integration is 0(4) invariant. Let denote a solution 
of the gap equation (^) (with fi = 0). Using the property (^), one easily shows 
that the rotated field A^^^V^f is also a solution. In this case, we multiply eq.(|5TD with 
and obtain a single equation to determine the length V^V^ of the vector field. 
For /i 7^ 0, it is easy to show that a solution of (|51| ) is provided by = (Vq, 0, 0, 0). 



Without loss of information, we calculate 

1 




■7^ V, (52) 



a + if 

for constant fields V^. Introducing momentum eigenstates and performing the trace 
over Dirac indices yield 

-4.V/ ik) l\+;^\ , (53) 
Jk<A [k + iVy + 

where k -V := k^V^ = —k^V^. Introducing polar coordinates where a denotes the 
angle between k and V, one obtains 

iV r , n /"^ ,Q kV cos a + iV^ 



— da sin a dk k 



TT^ Jo Jo k"^ + — V"^ + 2ikV cos a 



18 



/ dkk^ dx VI - x2 — — . 54 

This expression of course agrees with the resuh which is obtained by taking the 
derivative of ( ^9] ) with respect to and multiplying with V^. 



C The Bethe-Salpeter equation 

In order to observe the cancelation of the mass term for the "almost" Goldstone 
vectors, we need a certain relation which is satisfied for any solution of the gap 



equation (^) with /i = 0. Our first task in this section is to derive this relation. 
For this purpose, we note that the trace term in (|5T|) transforms as an 0(4) vector 
i.e. 



-Ai (k) 



(55) 



{k + iV^Y + a^ ■ 

This is true, because we use an 0(4) invariant regularization of the momentum 
integration. It is obvious that 



B^ 



A 



exp {e'^T]"} 



fiu 



(56) 



The matrices r/^^, are three of 't Hooft's antisymmetric matrices, which serve as three 
out of six generators of the 0(4) transformation. Note that eq.(|56D is satisfied for 
any choice of the angles 6^. Taking the derivative of this equation with respect to 
9°' yields the identity 



v;mv^] = I {k) 



If we specialize to 
i.e. B„ -- 



B 



{k + iV^f + a^ 
(Vo, 0,0,0), use r^fo 



+ Al j {k) 



{k + tV^), 2z {k^vlpVp^ 
[{k + iV^f + a'^Y 



(57) 

5"^ and employ the gap equation. 



Aj{k) 



"^^(^ ~ /^^Ais); we finally obtain the desired equation (Vb 7^ 0), i.e. 

5"' 2hka 



{k + iV^Y + a^ [{k + iV^Y + a 



212 



(58) 



In the following, we evaluate the trace term in (|T^), which gives rise to the Bethe- 
Salpeter equation. Rewriting the trace as a sum over momentum eigenstates and 
inserting a complete set of these eigenstates, the trace term can be written as 



4 / {p) v^,{p)vy{-p) / (A;) iiD 



7m- 



{k+l + iVB^ +a2 [k-l+iV^) +a 



(59) 
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where the trace tio extends over Dirac indices only. Performing the Dirac trace and 
introducing a Feynman integral, the polarization tensor in (EDI) is given by 



njfc(p) = (p'^Sik- PiPk) + ml5ik (60) 

4 



- 4 y" dx J{q) 



2q,qk - 2x{l - x)p,pk - 5iu \{q + + iV'f - ^ + a' 



J [{q + tV^y + x{l-x)p^ + a^Y 

In order to show that the vector fields are massless excitations for /i = 0, we study 
the polarization tensor (BDI) at zero momentum, i.e. 



2qiqk-5ik[{q + iV^y + a^) ^ ^ 

n.fc(0) = m%u-A {q) \b^2^ 212 (61) 

2 

77? 

= (62) 

where we have used eg. (|58|) . The crucial observation is that the expression ( |6TD 
vanishes for = (and Vq 7^ 0). 

If we are interested in the polarization tensor close to the mass shell, it is sufficient 
to study the Bethe-Salpeter equation in a derivative expansion. It is straightforward 
to extract the order 0{p'^) from (|60D. One finally finds 

2 

777 

n.fc(po,P = 0) = 5,k[l-f{cy,V^)]p' + + Oip") (63) 

where 



fia^V") = - (q) { ^ - 2 K (64) 

Let us study the interesting case a = 0, Vq 7^ 0. For this purpose, we introduce 
polar-coordinates for the momentum integration in (p^. The angle integration is 
tedious due to the complex functions. One must distinguish the cases q > Vq and 
q < Vq. One finally obtains 

127r2 [Jo V^{q^ + VQ^) Jvo q^ + V(f} 

for Vo < A, and 

/(^ = ^^y') = 7^ dq T7?7^^ (66) 



1271^ Jo Vo\q^ + Vi) 
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for Vq > A. The final momentum integration is straightforward. We obtain 

/(^ = 0,V«) = ^||-41n2 + 21n('^ + l")| , for V„ < A (67) 

/(— = 2i^{f + |r-21„(| + l)).for V'„>A. (68) 

The final result depends logarithmically on the cutoff A as expected from a naive 
power counting. We have numerically investigated the function f{a, V^) for several 
values of cr. We find that generically /(a, V^) > 0. 
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